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Let U C R™ be open. Let rq, 19, ...r, be the coordinates of a point 7 with respect
to an orthonormal basis so that ¥ = r;€;. And let wq, ws...w,, be the coordinates
of the same point 7 in a curvilinear coordinate system defined in U.

Example:

T = TCOoS y=rsingp

r=+/22+ y? tango:%

We only allow coordinates {wy} where the coordinate change {wy} — {r;}
is continuously differentiable and has an invertible diffential at any point in
U. Therefore the partial derivatives Or;/dwy and Ow;/Ory exist and are
continuous.

Let’s check the existence of 9r;/ dwy, for polar coordinates.

d(x(r,p) o(x(r,p) .
— - cos ¢ 7&)0 = —Trsine
d(y(r,e) . Ay (r,e)
T—sump T—rcosw

Let’s check the existence of dw;/ dry for polar coordinates.

o(r(zy) 1 2z o(r(zy) 1 2y
O 2.\[a2 4P Ay 2\/a2 42
dp(xy)  y Op(r,y)
Ox 22 + y? oy x? + y?

A curvilinear coordinate system {wy} determines two bases at each point in U,
{wW} and {u'fj} in which j is a superscript, not an exponent. They are defined
by

L9 9(rE) o -
k= 3wk_ 8wk - 8wk '

and



i R ow; _,
w = V’U)j = eiaiwj = 767“3 €;
Example: We define

T = 1 COS Y€y + T sin €,

What are the basis vectors w, and w, for the polar coordinates definition?
Generally we have

Wy, = %a Curvilinear base vectors (1)
and thus in our case
Wy = Oz (8: 2 €x + 9y g;: #) €, = COS Py + sin e,
W, = Ox ((97;@ € % g;;@) €y = —rsinee, + 1 cos pé,

Let’s check whether these curvilinear base vectors are orthogonal. They are
orthogonal if the scalar product turns out to be zero.

Wy - Wy, = (cospey + sinpey) - (—rsin e, + 7 cos @)

Wy - Wy, = COSPey - (—rsinpey + 1 cos pey) + sin ey, - (—r sin pey, + 7 cos Yey)
Wy - Wy, = COSQEy - (—rsingéy) + sin pey - r cos pé,

Wy - W, = —rsingcosype, + rsingcose

Wy W, = 0

b = 1

[Wy| = 7

Obviosuly curvilinear base vectors are nort necessarily orthonormal.

Let’s now examine the reciprocal base vectors @ and w¥. Generally we have

o 8wj -

ni
w' = €;
87'2'

Reciprocal base vectors (2)

and thus in our case



oo Orlwy)  Or(zy)
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. r y .
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/22 + 32 r /22 + 32 v
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What about the magnitude of these reciprocal base vectors?

RO

d 5 () =
L — i ) ==
] (r2 + r2 r
We obviously have
|, |07 = 1
|| 7] = 1

In general neither {wy} nor {u’)’j } is an orthonormal basis but we have

u_},ku_),j: 87"1(?[.810]-@
owy, or;
- 6‘ri . 8wj -
o 8wk ci 87”61‘
- 87’i ﬁwj (3)
N 8wk 87‘2‘
_ 9w
N 8wk
|1 forj=k
o { 0 : forj#k

The reciprocal base vector @/ is obviously parallel to ;. We thus have w/ A\w; =
0 and therefore @’ - w; = w/w; = 1. This implies that @’ is the inverse of ;.



W =0 = (4)

This is super useful since w; is often easier to calculate than 7. Unlike €; the
bases Wy and W’ can vary from point to point. Thus they cannot be treated as
constant when differentiating.

Let’s consider 5 5 5
VAW = €,0, N =L =¢& A —Lég,
PR o T e, T o

For k = i we have a wedge prooduct of parallel vectors and thus null. For i # k
we get pairs like

2, 9 %5.4_5,& %g _ 9 awig /\g,+iawﬂ' ENEL — Pw; __Ow; eLNe; =0
kark (9’” % 1,8” 8rk k — ark 87“1‘ k/\Eq ari aTk i/\Ck — aTi 6rk 87‘2‘ 67“k k/\€; =
and thus

Theorem: Let ( w1, Wy Wy ) be a curvilinear coordinate system in U then
the gradient in curvilinear coordinates is given by

V =@ 0,, (5)

Substituting Eq. 2 into this equation gives

—q

= w0y,
Bwj - 0

= eZ
O,

3ri

V:*a

e
! 87‘i

vV o= @

and thus the gradient in cartesian coordinates.

V =@ 9,
With Eq. 4 and Eq. 1 and Eq. 5
W = ——w; W = ——¢€; V =4d470,,
U—)aj|2 J 8wk J

=~



we get

V= _'—|2u7j8w]. Gradient in curvilinear coordinates (6)
w
J

— |—»|—» — 1 —

Cy. — —W;
Y ]

where €, is the curvilinear unit vectors. This lets us write Eq. 6 like this

\Y

1 . . . .

= —| - Iew]. 8w]. Gradient in curvilinear coordinates (7)
W :

j

1 Spherical coordinates

Let a curvilinear coordinate system be defined by the expression

rcos asin 3
7(a,B,r) = | rsinasing
rcos 3

Our aim is to calculate Eq. 6 for this coordinate system (w; = «, wy = 3,
ws = r). We first determine the three

" ari " L
Wy, = €; Cp, = ——W;
owy, ] Y
and their magnitudes.
. or L dy L 0z
Wo = €+ €+ —€.
o o Do
Wo = —rsinasinfé, + rcosasin fey
7 — 20 v2ain 32 2ne v2ain 32
[Wo| = r2sin a*sin 5 + r2cos a?sin 3
|Wo| = rsing
€, = —sinaé; + cosaéy



@_, oy, 0z

wg = €r + €y + €

’ 9 " 08" s "

wWg = rcosacosBe; + rsinacosBe, —rsin B,
|—» _ 2 2 2 23 2 2 2l 2
wg| = r2cos a?cos B° + r2sin a“cos 7 + r2sin B
lwg| = r

€g = cosacosfe, +sinacos e, — sin fe,

or_, Oy, 0z

Wy = —€p+ —€,+—¢€
r 6r T 8r Y ar z
W, = cosasinfe, + sinasin Béy + cos fe,
@, = \/cosoz2sinﬂ2 + sin a®sin 82 + cos 52
|w,] = 1
€. = cosasinfé, + sinasin B, + cos Bé,

Assembling these results into Eq. 6 gives

—rsin asin e, + 7"00804Sinﬁé’ya n 7 cos v cos 3€, + rsin a cos féy — rsinﬁé'za

VvV =
r2sin 52 “ r2
+ (cos asin €, + sin asin B€, + cos fe) O,
— sin a€,, + cos ag€, cos a cos A€, + sin a cos fe,, — sin Bé.
vV = 70. yaa + ﬁ T /B Y 6 z )
rsin 3 r

+ (cos asin €, + sin acsin B€,, + cos B€,) Ow,

1 1
V =——6,0,+ —€303 + €0, Gradient in spherical coordinates
rsin 3 r

This corresponds to Eq. 7?7 in Gradient in Kugelkoordinaten if we apply
this operator to a scalar field. What happens if we apply this operator to a
vector field expressed in spherical coordinates?

A= ApGo + Apis + A8,



. 1 1
VA = <5a5a + €305 + é;a,«> (Aafa + Apés + Arélr)
T

rsin 8
- 1 1
VA = _‘aaa Aoz_’oz Agée, Ar_'r —eg0, Aa_’a Agée Ar_’r
rsinﬁe (Aala + Ap8s + 6)—’_7‘66 5 (Aol + Agls + Arr)
48,0, (Aaba + Agls + A,E))
- 1 1
VA = _‘aaa Aoz_’oz Age, A»,-_'T —e30 Aa_‘a Agée Ar_)r
rsinf’ (Aafa + Ao + e)+7‘eﬁﬁ( Cot Aply + Arr)

+€,0p (Aa€o + Agé + Avé€,)

Note that €4, €3, €, have to be differentiated as well.

. 1 . . ~ ~
VA = Tsinﬁeaaa(Aae(,+AﬁeB+ATer)

1
*é;ga,@ (Aaga + A,@é'@ + Aré})
T

80r (Ao + Apés + A,8))

d(€y) | 0(Ap) d(es)  O(A),

Oa o €+ As O
0(€a) , 0(Ap) ., d(€p)
0B oo T Tap Ay o3 T4 a8

q<3(Aa)q 2, 20) , 0(45) 9(ep) , 0(Ar) 9 (er)

@ Aai
o €o T +

1 (8(140[)4
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and thus

+ —F€p + Ari
«




VA = — < + Aﬁ)aaa,ﬁABez
«

1 (0(A)
(5
An)
or

0(c.)  9(45) .
98 a8 a8 P 0B
d(€y) | 0(Ap)
or + or

é’ﬁé’a + Aaé'ﬂ

o))

_|_

Er€n + Anér grgﬁ —|—A5€T

Let’s consider the last term in the first row.

L d(&)  _ O(cosasinfe, + sinasin 3€, + cos fe)
Ep——t = Ey
Oa Oda
9(e
e, (ér) = €&, (—sinae, + cosaéy)sin
da
9(e
€a ('(;oj) = &sing
9(e
€n (&) _ sin 8
da

Let’s consider the last term in the second row.

S 0(é) _ 0 (cos asin e, + sin asin féy + cos fE;)
B ’ ap

e 8((3%) = &g (cos acos €, + sin a cos f€, — sin fE.)

_ 0(é)

— 8(€T) _ 1

B BE;

e 0 (€s) _ 0 (cos o cos e + sin « cos Be,, — sin BE,)
"or " or

_ 9(ep)

r = 0

“or

- a (éa) _ — 8 (é’a)
““or T “or
L0(E)

e o = 0



This gives

» 1 d(4,) 9(A 0(ég) 0(Ay). .
VA = s ( 5o + 5 €€ + A€y Do + 50 €n€r + A, sin 8
1/0(A) . L 0(&)  0(Ap)  9(A4) .
+r< a8 €3 + An€p 98 a5 + a8 €ger + A,
0(Aa) . . O(As). . . D(A)
+ or e + ar ¢ or
We check out the third term in the first row.
L 0(ep) _, O (cosacos &, + sin a cos €, — sin B¢€,)
€ = &,
oo Oa
é'aa(eﬂ) = €, (—sinacos B€, + cos o cos Béy)
Oda
L 0(ep) . . .
€, S0 = o (—sin o€y + cos aéy) cos
_0(es)
€ S0 cos f3
We check out the second term in the second row.
L 0(€a) s 0 (—sin a€y + cos agy)
o~ 7 o
L 0(6)
€ o8
This gives
S (0(4l) | 0(As) . OA) . . .
VA_rsinﬁ< R + 90, €a€p + Agcosf+ 90, €n€r + A, sin

1/0(Aa) . . 0(4p)  0(A,)
+( R

A

6557‘ + A,-)

I
(o5}

—

N

<

and after rearraging the terms



vA - TSilnﬁ ‘9(53) + rsilnﬂ 8((‘;;5)5“65 + @Aﬁ cos 3 + rsilnﬁ 8(81;1;) € Cr
s g+ 12 ee, 100 100
+%AT + a(;q“)a*a a(;if’)aéﬂ + %
%%ﬁ”)é’ﬂ% + i‘ag‘?éﬁa +2 (;“)aé'a 2 (ﬁﬂ)aéﬁ
This result has a scalar component and a bi-vector component.
VA=V - A+VAA

We consider the scalar component first.
V-A = rsilnﬂa(gflxa) rsinﬂAgCOSﬁ—i— %Ar + 71*8(81;6) + (9(571j)
V-A = rsilnﬁa(aia) rsilnBA’BCOSB+ %Ar"’ %%f;ﬂ) + %
VA= (5(6?) +271"A’“) " (8(61466) rsinp Sinﬁ+’4ﬁv~s:ilr1ﬂc°sﬂ) N rsilnﬁa(gla)
VA = ,rig (8(81?7“2 +2Ar7“) + rsilnﬁ <6(§;B)Sinﬁ+f4ﬂcosﬁ) + rsilnﬁa(ajia)
V-A= %26 (/(;ZTQ) - Silnﬁ 9 (Ag;in A) " silnﬁ g E,;ia) Divergence of a vector field

We also have a bi-vecor component.

1T _ 1 a(Aﬁ)ﬂa 1 a(Ar)aﬂ la(Aoz)ﬂﬁ
v/\A_rsinﬁ Ja Cath rsinf da " ap €hCa
16(147‘)—» — a(A@)—» — 6(145)—» —
0B eger + or €r€n + or €reg
(1 0(Ay) 10(A)). . (10(A) 04\  (0(A) 1 0(A)) . _
VAA_<rsinB Oa r 0p Cath + r 0B or eper + or rsinf Oa Crfa

10




2 Cylindrical Coordinates

Let a curvilinear coordinate system be defined by the expression

T COS (v
rsin o
z

(o, B,1) =

Our aim is to calculate Eq. 6 for this coordinate system (w; = «, wy = 3,
ws = r). We first determine the three

. or; . 1
Wy, = €; Cp, = ——W
owy ' Wi || J
and their magnitudes.
. oz n dy _, n 0z
Weq = —28€ —=¢ —é
O‘ Oa ™ Oa ¥ Oa ®
W, —rsin a€, + 1 cos aéy,
|Wa | r
€ — sin a€y + cos o€,
. oz n Ay n 0z
W, — &, + —¢€ —e,
0z 0z Y 0z
W, €.
|, | 1
é'Z 6A’Z
. oz 4 y _, n 0z
W —é —=¢ —é
" or* or?¥ or”
W, COs €y, + sin a€)
|| 1
e cos o€y, + sin agy

Assembling these results into Eq. 6 gives

\Y 2 (—rsina€y + rcos agy) 0y + €,0, + (cos ey + sinaéy) O,

11



1
V = —€,04 + €,0, + €,0, Gradient in cylindrical coordinates
r

This corresponds to LINK in LINK if we apply this operator to a scalar field.
What happens if we apply this operator to a vector field expressed in cylindrical

coordinates?

A=A, + A +Aé

VA = <1gaaa +e.0. + aa,) (An@o + ALE. + ALE,)
T
VA = lgaaa (Aalo + ALE. + ArEy) + €.0. (Aa€o + ALE. + ArE;) + 6,0, (Anly + AE. + Arey)
;
- 1, 0 . 0 . 0 . . 0 . 0 . 0 N
VA = ;ea (80{ (Aaea) -+ % (Azez) -+ % (Arer)> -+ €, <82 (Aaea) —+ E (Azez) —+ & (Arer)>
. 0 R 0 . 0 N
+€7‘ <8r (Aaea) + 7 (Azez) + E (Arer)>
- 1., [(0A, oe, 0A, oe, O0A, oe,
vd = e (aaea T T I +Arc‘)a>
L [(0A, oe, 0A, oe, O0A, 0e,
e (az CotdaTg b Gt A+ 50 Ara)
L [0A, . 0€y, 0A, o€, 0A, oe,
+er ( gr o tAagr oGt AG e *Arar>
0A, oe, O0A, oe, O0A, o€,
e ( A e R i Af"m)
- 1 /0A, ., 0é, 0A, . _, 0é, 0A, . ., 0é,
va = o ( Do T AefaTy T gy Cafs T Alant el £ Aaa>
0A, . _ L 0e, O0A, L oe, 0A, . _, oe,
t gy Gl t Aalegmt T AT+ T+ A
0A. ., 0€, 0A, _ _ _, 0¢, 0A, _, 0e,
R T e e m  m T m e
We have
Coln = €n-€h=1
d(e) | 0(éa
Oa = 2 da 0



and thus

+ —ZEn€, + A€y —— + ——En€r + Aply—

Ja Oa Oa Oa Oa

1o v a8, L 04 O 000
y FCa T Ty, 0z 9, T ATy,

1ot g, Lo W p | 4,508 04
ar YT or ar "7 T o or

1(8Aa 0A, . | oe, 04, . 8&)
,

Let’s consider the last term in the first row.

_ 0é, _ O(cosaey +sinag,)
€p——"r = € :

* da * oo

_, oe, . L o
ea% = €, (—sinaé; + cosaey)
_ oe,
€ = 1

* da

This gives
- 1 /0A, 0A, . 0A, ,
va = ( da " da ‘faeﬁaa‘faer“r)
0A. +8AZ +8Arﬁ R
9z *C 0z 0z 2O
0A, _, . +6Azqq +8AT
or Crée T o e T Ty,
and thus
- 10A, 10A, _, 10A, _ _ 1 0A. _ 0A,
VA = e T 0 el T g Celr A T G+
+8A,._, . _1_6140H . +8AZ_, . +6A,,
9z 2O or e or ¢ or
- 10A, 1 0A, 0A, 104, _ 0A, _, .
VA = e AT L T e T ae e T g, e
+18A,«_, N +6Aa_,_, +6AT_, . +8Az_, N
7 B0 ot g Grla T Gl e

r Jua or

OF = 10Aa 1, 04 0A. (104 04\, . (104, 0Ad)
o da " 0z or r Oa 9z ) Coc Calr

L (04 04N
0z ar )

This result has a scalar component and a bi-vector component.

13



VA=V -A+VAA

We consider the scalar component first.

10A, 1
r O«

0A, O0A,

A= ;
v + 0z or

Divergence of a vector field

This corresponds to what we have found in Eq. 77:

divd = i(gr (Arr)+§pAa+§Z(Azr)>
divAd = i(8£~rr+Ar+a§;+a$r+Ang)
divd = %5§5+%AT+8§ZZ+8§

We also have a bi-vecor component.

- 10A, O0A.\ . . 10A, O0A.\ . . 0A, O0A.\ . .
VANA=|- - €z + | = - €aCr + - €€,

r O 0z r Jo or 0z or

3 Reciprocal bases

A coordinate system is orthogonal if the basis vectors {w;} are orthogonal.
Considerable simplifiation then occurs, because the reciprocal basis vectors w’
can then easily be computed (Eq. 4).

1 1
I “.8111‘ -
ij J |,u—}"

—

|

—

Cu; O

V =40, =

From the definitions Eq. 1 and Eq. 2

- or; —j ow; _,
Wy = % 7
Owy, or;
we got (see Eq. 3)
. Ow; 1 forj =k
O -’ = —L =
Wk = s { 0 : forj#k

so for a given index i we have

14

Curl of a vector field



T

Wi -t =1 (no sum)

The vectors 10; and @ do not necessarily have to be parallel for the projection
of one onto the other to be 1. Let’s define

&::(—1?‘1b£A qﬁiA AP”
by ANba A Nby,

in which l_); means that this index is omitted from the outer product. The
denominator is obviously a pseudo-scalar and thus vI with some constant scalar
v.

. CBUA ABAAD
ho= -1 i—1 7 n
( ) vl
. CBUA ABA AB
b= (-
v
o 1

o
=
Il

;(71)"*1 (51 A AB; A A 5n>

In this equation we have the dual of an n-1-vector which is a vector.

-

b

S

K2

—

Let {bl} be a basis for an inner product space. We will define its reciprocal

basis {g’ . Reciprocal bases enable efficient computation with non-orthogonal

bases. Their key properties generalize the key properties of orthonormal bases.

15



